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1. Introduction and Summary 

Recently, a new approach to the completely super-Poincare covariant quantization 
of the superstring with spacetime supersymmetry was developed in [1][2][3], based on 
earlier work by Berkovits [4] [5] [6] [7]. A free quantum action invariant under BRST 
transformations and a nilpotent BRST generator Q were constructed [1]. The correct 
massless and massive spectrum for the open and closed string was obtained [2]. The 
definition of physical states in terms of equivariant cohomology was established [3]. In 
[1] a ghost pair {cz,b) was introduced by hand to make the BRST charge nilpotent, and 
another BRST-inert ghost system (namely rf^ ^ijf^ in [1], replaced by rf^ ^uf^ in [2]) was 
introduced by hand to cancel the central charge. In this article we shall construct the 
quantum action and the BRST charge using the Noether method, and we obtain in this 
way a derivation of the ghost pair 6, c^. 

We start from the classical Green-Schwarz action, but we take a flat worldshcet met- 
ric^, and we replace the k transformation bj)^ = by the more general expres- 
sion 6\9" = A" where A" is a real commuting 16-component D = (9, 1) spinor. Using 
the Noether method applied to BRST symmetry, new ghosts are added to the action. A 
preliminary ghost action will turn out to have a rigid symmetry but is not BRST invariant. 
Making this symmetry local leads to the ghost system 6, leads and a BRST invariant 
action. We apply this general method to several cases: i) the heterotic superstring, ii) 
the superparticle and, in) the flat space superstring with combined left- and right- moving 
sectors. In all the cases we do arrive at an invariant action and a nilpotent BRST charge. 

There exists now a derivation of the b, Cg system from flrst principles. For the 77^,0;'" 
ghost system a similar derivaion is still lacking. 

A different approach, starting from a twisted version of the complexifled N = 2 
superembedding formulation of the superstring, has been studied in [8] . 

2. Heterotic Superstring and Superparticle 

The basis for our work is a remarkable identity between the free classical {i.e., without 
ghosts) superstring Sf^^^, the full nonlinear classical Green-Schwarz (GS) superstring SqSi 
and antihermitian composite objects and dua [9]. In the conformal gauge, /i'*^ = 77'*^, 
one has in Minkowski space 

3%%%' = Sgs- j <fz(dL^,o.{€'' - endJi + dR^M'"' + endJ%) (2.1) 

^ At the tree level the choice of a fiat worldsheet metric is sufficient, but clearly at one loop or 
for higher genus surfaces (with or without punctures) it is inadequate. 
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where P^"' = {r|^"' - e^") and P^"" = {'qi^'' + e^'''). Furthermore Sqs = Skin + Swz with 

'"kin — 2 



i-wz — — e 

and 



dR^o. = PRf^a + {id^x^ + \BLl'^d^dL + \QRl'^d^,dR){cin.QR)oc , 

n- = a^x- - tet^::pdX - iei^::pd,ei . (2.3) 

In chiral notation one has CJj'^^^ = —l/2dx'^dxm — PLaddt ~ PRadO'^ with d — — dt 
and d = d^ + dt. Further, c^l, = plc + {idx^ + ^OL-f'^dOL + \OR^'^deR){^mOL)c. and 

dRa = PRC + (^ax- + lOLl'^deL + ^^i?7"'^^i?)(7m6'i?)a • 

For us the identity in (2.1) is useful becasue it defines objects d^^ct and (ii?^a which 
play a crucial role in what follows. They become constraints in the quantum theory and 
form the starting point for the BRST charge. We denote the left-moving spinor in the 
Green-Schwarz action by 6'l, while Or is the right-moving spinor. Chiral ^'s have spinorial 
superscript 6'2 and 6*^ and antichiral ^'s are denoted by 9a- Thus for the II A case, we use 
the notation 9a.R- 

There also exists a relation in Berkovits' approach between the free quantum action, 
the GS action and a BRST exact term. It reads (we use the notation Wa for the conjugate 
momentum of A'* instead of f3a. of our earlier work to facilitate the comparison with [4] [5] 
[6] [7]) 

Sf,,, = SgS + Qb j dh (wL^aP^^d^et + WR^aP^'^d^eij , (2.4) 

where Cf^^^ = Cf^^^ - WL^.aP^'^d.Xl - WR^aP>'''d,\% Further Qb = {Qb,l + Qb,r) 
with 

Q.,. = / ioM{.Xl±, + XLl-e,^ + rf.,^ - n™(A„„)<.^) , (2.5) 
and similarly Qb,r, which satisfy 

Ql,L = j dadt{-i\Ll'^\L)[-^ + {dmOina-^^ -n-(AL7m)a^ (2.6) 
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In Berkovits approach the BRST operator Qb is not hermitian or antihermitean, 
because his A'* is complex, but in our approach the BRST operator, denoted by Q, is anti- 
hermitian. For pure spinors A satisfying A7"^A = 0, Q_b is clearly nilpotent on x^, 9'^, A" 
and dza, but does not vanish on Wct- The free quantum action (2.4) is invariant under 
the gauge transformation 6w^ = A^(7"^A)q, if the A's are pure spinors, and the BRST 
operators are nilpotent up to a gauge transformation. The Qb variation of Sgs does not 
vanish either, but SJ^^^ is Qb invariant. The relation in (2.4) was discovered by Oda and 
Tonin [10], and has been used by Berkovits to construct the pure spinor action in a curved 
background [11]. In our derivation below this relation plays no role. We shall use the 
Noether method, applied to BRST symmetry. 

In this section we restrict ourselves to one (left-moving) sector (the heterotic string). 
In section 4 we discuss the combined left- and right-moving sector. We start from the GS 
action which we decompose into a kinetic term and a Wess-Zumino (WZ) term, Sqs = 
Skin + Swz- We shall not need Swz but only its exterior derivative which is given by the 
following 3-form both for the II B and the II A cases 



The action is invariant under local k (Siegel) gauge transformations if one does not fix 
the conformal gauge. We consider the GS action in the conformal gauge. In this gauge the 
K symmetry transformations acquire extra compensating terms and are quite complicated. 
We follow therefore a different approach. We choose the conformal gauge and replace the 
composite parameters fLn of k symmetry by a new local classical gauge parameter A. The 
GS action (from now on in the conformal gauge) is of course not invariant under the A 
transformations of x'^ and 6°', but we shall use the Noether method to obtain a BRST 
invariant free quantum action. The new local gauge transformations of x and 9 follow 
straightforwardly by replacing Ilzml'^^f^% by A'* 



The matrices 7^ are real and symmetric, hence the reality of ^xx"^ and of 8x0°" is pre- 
served. 

The geometrical meaning is at this point unclear. However, (2.8) has the same form 
as the BRST transformations generated by the BRST charge in Berkovits' formalism. 
Therefore, we interpret A from this point on as a real ghost which changes its statistics: 
A becomes commuting. The BRST transformations with constant anticommuting anti- 
hermitian parameter A read 5b9°' = iAX°' and Sbx'^ = lASxx'^. Denoting the BRST 
transformation of a;™ and d"' without A by s, we obtain s6°' = iX°' and sx'^ = X^'^d. 
The BRST transformations close (they are nilpotent) if the A's are pure spinors. In our 



djCwz = —idOL ^d6L + i d6R ^dOu 



(2.7) 



Sxx"^ = -iXj'^e, 6x9" = A". 



(2.8) 
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approach [1] we do not impose any constraints on the spinors A, and therefore, to still 
regain nilpotency of the A transformation, we modify the A transformation rules of x and 
9 by adding further fields such that they become nilpotent. Nilpotency of s is achieved by 
defining s A'* = 0, but since s is not nilpotent on we introduce a new ghost in s x"^ 

sx'^ = X-^'^e + , sC = -iA7"^A, (2.9) 

where ^rn is anticommuting and real. We have obtained = on x. For the variation of 
the action we need the variation of 11^ which is given by 

sTV^ = + 2X^-^3 . (2.10) 

The variation of Skin contains a term with a derivative of a ghost which we can 
handle with the Noether approach, and a term with 8^9 which poses a problem as far as 
the Noether method is concerned and which therefore should be removed 



s 



{hl^Il^rn) = n^(a,)em + ^X^n^d^^O) (2.11) 



To remove the term with 8,^9 we modify the induced metric G^j^ = n^I!;^)^ by adding a 
suitable term to it 

G^^" = n^n,)^ + 2d(^,a,)r . (2.12) 

where d^a. is a new antihermitian anticommuting field. The extra term —d^otP^^8t,9'^ in 
the action should be interpreted as a gauge fixing term which breaks the K-symmetry. The 
gauge fixed kinetic term varies as follows 

sG^J"^ = 2n^a,)e^ + [4(a^J(^)^ + 2sd(^«]a,)r - 2icZ^«a,A«. (2.13) 

The most general expression for sd^a which leaves only terms with derivatives of 
ghosts is given by 

where is an antihermitian anticommuting vector to be fixed. We used that 8(^f^'y'^8^)9 
vanishes, made a Fierz rearangement and introduced a new real commuting ghost field Xaj 
which can be interpreted as the anti-chiral counterpart of the chiral A'*. We fix these free 
objects by requiring that sd^a. be s inert (nilpotency of s on d^a)- This yields 

sd^ = a^X - 2 U^X - 2i rimd^O, sx = 2rim)^- (2-15) 

So far we have achieved that the s variation of 
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contains only terms with derivatives of the ghosts A'*, Xa; and namely 

sLt°:^ = -n^a^r - d^^ed^x + id^cd'^X'. (2.17) 

We now repeat this program for the WZ term. It is a good consistency check that 
this is possible at all. We define a modified WZ term as follows 

C^^i = Cwz + e'^^rf^a^.r (2.18) 

One finds that also sDy^^ only contains terms with derivatives of ghosts 

sC^i = e^^ \^';d,U + d^ed^x - i d^o.d.X'] . (2.19) 
The sum of all variations is given by 

S (£Sn'' + ^wl) = -n;rP^^a.em + id^aP^^'dA'^ - d^d^P^'^d^Xa • (2.20) 

The next step is to cancel these variations by adding free ghost actions and defining 
suitable transformation laws for the antighost fields 

jCgh = -f3^.mP^-d,r - «^^aP^"9,A" - n'^P^'^d^Xa. (2.21) 

The antighost is anticommuting and anti-hermitian, while tu^a and are commuting 
and real. Because the variation of Ckin + ^wz contain the operator P^^'^ = r]^^^ — e^^^ , the 
antighosts are holomorphic (chiral on the worldsheet: they have the index structure 
Paz and k"). One finds easily a particular solution for the variation of the antighosts, but 
the most general solution contains a free constant b and a target-space bispinor r]^'°'^ 

s< ={id^- 2z/?^7-A - 2e^7™«'^) ^ - i (bd^^xa + Id^Xa) + ( ^V^x) , (2-22) 
sk""" = 9^6*") + i (bd^'X^ + ^d^'bX^^ + (ry'^ ^a) . 

The transformations with b map (3 into its own ghost ^ and w and k into the other 
commuting ghosts while the transformations with r/'^''*^ map each antighost into the two 
non-corresponding ghosts. 

Setting the anticommuting and antihermitian b and the real commuting r]^''^!^ to 
zero yields a solution of the inhomogeneous equation for the transformation laws of the 
antighosts, but the terms with constant b and 'q'^^'^l^ yield further homogeneous solutions. 
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In other words, we are encountering a system with constant ghosts-for-ghosts. We have 
aheady added the terms with a derivative of b for reasons to be explained now. 

The terms in the transformation rules with constant b and r/'^''*^ yield new rigid 
symmetries of the ghost action. Although we have obtained an s-invariant action, the 
transformation rules for the antighosts are not nilpotent. We now let b become a field and 
add the terms with 9^6 in (2.22). The action then ceases to be invariant, but the transfor- 
mation laws of the antighosts can be made nilpotent by defining suitable transformation 
laws for b and rj, namely 

sb = 1, sry'*'"^ = 0. (2.23) 

In fact the terms in (2.22) with r^'*''^^ can be removed by redefining K'^^^ — > K°'^^ + l/2{r]^^x)°' 
and for this reason we omit them from now on. This redefinition leads to a new term in 
the action of the form XaV^'°''^9nXf3'i however, this extra term is a total derivative which 
we also omit. 

Returning to the problem of making the action BRST invariant, we need a kinetic term 
for b. Hence we introduce also a new real anticommuting ghost and add the following 
term to the ghost action: C'^^'^"' = —bP'^'^d^c^. We determine the transformation rule of 
such that the action becomes s-invariant. One finds 

« = - 2 [rd^^U - yXa^^A" + -a^XaA") . (2.24) 

Also this transformation law is nilpotent. 

In this way we have reobtained the free BRST invariant action and the nilpotent 
BRST transformation rules of [1] . In particular we have given a derivation of the need for 
the b, Cn system which follows from the Noether procedure applied to symmetries of the 
ghost action. However, the problem of giving a similar fundamental derivation of the rj,u! 
system remains. For the string the r],u! system was neeeded to cancel the central charge. 
For the superparticle, to which we now turn, the b, c system is needed, but the rj, uj system 
is not needed because for the superparticle there is no central charge and hence we do not 
need to cancel it. 

3. The superparticle 

In this section we apply the procedure presented in the previous section to the point 
particle. The operator formalism of [1] cannot directly be applied in this case becasue 9 
vanishes on-shell. The off-shell BRST approach is succesful. We consider the open string, 
hence rigid N = 1 spacetime susy with one 6. We shall show that the correct spectrum, 
namely the field equations of cZ = (9, 1) A?" = 1 super Yang-Mills theory, is obtained. 
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We start from the N = 1 supersymmetric action [12] 

-5 = 1 rfr ^ (i- - 7^^^^) ' , a = 1, . . . , 16 , (3.1) 
which is invariant under K-symmetry: 

5 = n^(7"^«)« , S^x"^ = ie^'^SJ , 6^e = Ai e r . (3.2) 

where 11^ = i:"^— z^"7^^^. The quantization of (3.1) is nontrivial because of the fermionic 
constraint 63/69°' = Pa = ^-P"^(7m^)a with Pm and Pa the conjugate momenta to the x 
and 9 coordinates. The anticommutator {pa — iP^{'^m9)oi^Pi3 — '^P^ {lm9) p} = — 27^P^ 
shows that the fermionic constraints are both first and second class: only half of them 
anticommute with each other^. However, it is difficult to disentagle these two classes and 
construct a covariant set of independent basis vectors for these constraints.^ The theory 
is invariant under reparametrization of the worldline; however, we will set e = 1 from the 
beginning and construct a consistent model with local transformation rules. In the original 
superparticle, one could choose the gauge e = 1, but then k transformations acquire extra 
non-local compensating terms with ^{t) = J* dt'(Ai9k)(t')J 

We compute the variation of (3.1) under the BRST transformations 

sx"^ = C + 9^"'X, sr = zA'*, s^"^ = -iX^'^X, sA" = 0. (3.3) 

^ Decomposing da = Pa — i-P™(7m^)a into f da + (1— P) da, the P da are first class and the 
(1— P)da are second class. 

^ Recently, two of the authors [13]presented a solution of the quantization of the superparticle 
using a "twistor"-like redefinition of variables P™7™'^ = A°((t+ + P'^cf^)\\'^^ where A° are the 
twistor-like variables and the Pauli matrices. One way to disentagle the two types of constraints 
is an infinite number of ghosts. Using Batalin-Vilkovisky techniques the ghosts of level greater 
than three do not interact with the ghost of lower levels and with the other fields of the theory. 

^ There should be a better way to do this: first go to the light-cone gauge for the superparticle 
action (3.1) and reparameterize the fermions by ^" = ■\/p^{^~0)'^ where 7^ = |(7° ± 7^). The 
BRST operator for the quantized model is only Q = cP^ and the states are representations of 
the Clifford algebra {C",C^} = 25"'^ Berkovits [14] finds an interpolating BRST operator Q in 
an enlarged functional space with the unconstrained spinors A" and their conjugate momenta 
Wa, and the composite field da- One can show that the cohomology can be constructed in two 
equivalent ways: the first reproduces the light-cone massless states of the superparticle, the other 
reproduces the BRST cohomology with pure spinor constraints. It would be interesting to repeat 
this approach for our formulation. 
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In order that the variation of (3.1) be proportional to the equations of motion of the ghost 
fields, we add the term J drdaO'^ where da and its BRST variation are given by 

da=Pa + iXm{l'^e)a + ^ (7'"^)a (^7m^) , (3.4) 

where and Xa ^re two arbitrary fields. Notice that we can freely add the ghost Xa 
since on-shell this term vanishes. The BRST transformation of da is nilpotent if 

A^ = -2i^rn , SXa = '2C'{lm>)oc 

Then, following the procedure already discussed, we add ghost terms to the action 

Sgh,i = j dr (^Pmr + «^aA" + «"Xa) (3.5) 

whose variation cancels against the variation of 5' + J drdaO'^ if the antighosts transform 
in the following way 

1 • 

Sl3m = -^m - '2K-fmX + b^rn + -jb^m , (3.6) 

3i . 

SWa^ida- 2i(3m{l'^>)a - '2^m{l"' 1^) a - ibXa - -^bXa , 

s = -r + i6A" + ^6A" . 

4 

The contributions with ghosts-antighosts in the transformation rules are needed to com- 
pensate the non-linear variations of the ghost fields ^"^ and Xa in the action (3.5). Further 
the terms proportional to 6 or 6 are needed to obtain a nilpotent BRST symmetry. As we 
learned from the previous section, a suitable redefinition of removes the 77"^ terms from 
the symmetry, therefore we have already chosen the basis without ry"^. The nilpotency of 
the BRST symmetry is achieved by defining sb — 1. 

The last step is to add ab — c term to the action and derive the BRST transformation 
for the ghost c 

Sgh,2 = J drbc, ^^=-\ (r^m - |xaA" + ^XaA") . (3.7) 

The sum S + Sgh,i + Sgh,2 is now invariant under BRST symmetry. At this point, we 
can rewrite the terms of the action which contain the field x'^ in a first order formalism. 
Namely, / dr^lP = J dT{Pmn'^ - |-P^). Canonical quantization implies that [P'^,x^] = 
—irf^'^. This will be used in the next section. 
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We now turn to the determination of the massless cohomology for the superparticle. 
The physical states of the superparticle should be found at ghost number 1. Without 
further restriction, the cohomology is however trivial, but following [2] we assign a grading 
to the ghost fields 

^r(A«) = l, Mr) -2, ^r(xa) = 3, ^r(c)=4, (3.8) 

and the corresponding opposite numbers for antighosts. We cannot use the affine Lie 
algebra to determine the grading of x ^^'^ c as in [2], because ^ = is a here a field 
equation and there is no central charge for a point particle. However, observing that the 
part Qq of the BRST operator which only contains ghost and antighost fields is nilpotent by 
itself, one can introduce a grading which explains this. Namely Qo has vanishing grading 
and this yields gr{x) = 3 and gr{b) = —4. The relevant cohomology is selected in the 
functional space of non- negatively graded polynomials denoted in the following by 7i+.^ 
The most general scalar expression in 7Y+ with ghost number one is 

+ b [CCFmn + ^A'*X/3i^a ^ + Xa C F'' m + XcXpF^^) , ^^'^^ 

where ^q., . . . , F"^ are arbitrary superfields depending on Xm,0'^- The requirement of 
positive grading has ruled out 6A"A^ and 6A°^^"^. 

The condition {Q,U^^\z)} = implies the following equations 



DiaAp) + il^fsAm = , 

d^Ac, - D^Am - 2i 'JmapW'^ = , 

dmW^ + F'^^ = , = , 



(3.10) 



where = d/dO'^ - iO'^^^f^d/dx'^ ^. The terms in {Q,U^^\z)} which contain the field 
b yield equations which are the Bianchi identities [1]. From the first two equations of 



^ Notice that in the pure spinor formulation, A" should be complex and its complex conjugate 
Xa should transform under the conjugated representation of Spin{9,l). This implies that one 
can construct a homotopy operator /C for the BRST charge Qb — X"da. It is easy to show that 
/C = Aa^"/(AA) with (AA) = AaA° satisfies {Q,/C} = 1. This obviously renders the cohomology 
in [15] trivial since every Q-closed expression is also Q-exact. In order to obtain a nontrivial 
cohomology one may use the grading in (3.8) and observe that the homotopy operator /C has 
negative grading. 

^ Notice that Da is hermitian. We define = ^ (DaA/3 + DpAa) and d[mAn] = 

2 {dmAn dnAm)- 
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(3.10) one gets the field equations for AT = 1, d = (9, 1) super-Maxwell theory 



^llp,r]DaAf3 = , (3.11) 

as well as the definition of the vector potential and the spinorial field strength in 
terms of A^. 

Am = ^iZ^D^Ap , = ^jZ^ {DpA^ - d^Ap) . (3.12) 

Moreover, the remaining equations in (3.10) imply that the curvatures FmniF'^rni 
Fg are expressed in terms of the spinor potential Aq,. 

The gauge transformations of the vertex U^^\z) are generated by the BRST variation 
of a spin-zero ghost-number-zero field Vt'^'^^z) G H+, whose most general expression is given 
by 0(°)(z) = C, with C arbitrary superfield. The BRST variation of Q^^) is 5U^^\z) = 

can easily check that C is the usual parameter of 
;he gauge transformations on the super-Maxwell potentials: 5Aq, = D^tC, 5 Am = dmC. 
Thus, the only independent superfield is A^, and it satisfies (3.11) which is gauge invariant. 
For further discussion of these field equations we refer to [1]. 



4. Closed Superstrings 

In this section we again apply the procedure of section 2, but now to the combined 
left-moving and right-moving sector of the Green-Schwarz superstring simultaneously. 
We start from the GS action in (2.2) . The transformation rules are now given by 

s = {Oli'^Xl + a) + {Ori'^Xr + ^r) , 

sdt = iXl, sei = ix%, 

sX2 = sX% = 0, 

s = -iXli'^Xl , s^^ = -iXr^'^Xr , 

One clearly has nilpotency on these fields. 

Next we add to Cos the terms with dLza = dL,ia - dL,oa and duza = c^it.ia + c^fl,Oa 

jOd = -dLzaBei - dR,ade% . (4.2) 

We recall that dL^a and dji^a, given below (2.3), are such that in jCqs + only the free 
kinetic terms for x, 6l/r and Pl/r remain. As before we determine the variations of dLza 
and diiza (hence of pLza and PRza) by requiring that in the s- variation of jCqs + J^d the 
terms without derivatives of ghosts cancel. However, we also require nilpotency on dizo; 



10 



and duga'i since there are cross-terms, this is less trivial. We find it convenient to introduce 
an auxihary field for H^, so we replace 1/2 (n^)^ by -l/2P^Pom + Po'^om- There are 
now two ways to proceed 

i) we take the rules of the heterotic string in each sector, but the cross-terms in sdLza 
are determined by requiring nilpotency on Pg" and diza- One can achieve this, but one 
has then only nilpotency on dnza modulo the free field equations of 9l/ji and ^l/r- 

a) We write all transformation rules with only di derivatives, but not with any 
derivatives. This can be achieved by using the free field equations. This changes the rules 
of the heterotic string, but we obtain nilpotency on all fields. 

Since one either works with the heterotic string or with the Green-Schwarz string, we 
adopt the second procedure. We obtain then 

s P^ = -2{XL^"^didL - Xn^^d^en) - d^^^ + di^^ , 
s nr = 2Al7"'9i^l + ^Xr^^OiOr + diCT + di^R , 

SXLa = 2^L (7mAL)a , 
SXRa = '^^R{lm>^R)a ■ 

It is clear that nilpotency of s holds on H^, and Pq" in each sector separately. We 
have written s li^' below s Pq" so that the difference becomes clear: in s Pq^ we have used 
the field equations (^i + do)02 = , (^i - ^o)^^ = 0, (^i + ^0)^^ = , (^i - ^0)^^ = 0. 
Because there are only di derivatives in li^ and Pq", nilpotency of sdL^a and sdRza is 
relatively easy to prove. 

Using these transformation rules, one finds 

SS = Jd^Z [{PS' - UT)d^Lm - (iT + ^T)d^Rm (4.4) 



(4.3) 



-2d^XLad92 - 2d^XRad9% + idLzadXl + idR,adX%\ . 

To prove this simple result requires multiple partial integrations and Fierz identities. To 
cancel these variations we add the ghost action 

Sgh,l = J d^z(wLzadXl+WR,adX% + pLzrnd^T + pRzmd^R+'^LdXLa + K%,^^^ (4.5) 

and choose the appropriate transformation laws for the antighosts 

Si 

SWLa = -idha " 2i PLm{l"^ >^L)a " 2^Lm(7'"«L)a + 2ibLdiXLa + -^dl^LXLa , 
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(4.6) 



sKl = 2diei-2ibLdiX2-'- 



dibL XI. 



The rules for the right-moving antighosts WRa^f^^ and are obtained by replacing —Pq^ 
by Pq" (and L by i? of course). These rules are nilpotent ifs6L = s6ij = l, but the action 
is not yet invariant. Since it varies into term with h we add the ghost action 



and find the transformation rules for cl and cr from the BRST invariance of the action 



and, analogously, for cr. Nilpotency only fixes the terms with dib^ in (4.6) up to an 
overall constant, but invariance of the action fixes this constant. All transformation rules 
for the combined sectors are now nilpotent; this has been achieved by introducing only one 
auxiliary field, namely . 

Needless to say, we can again define the grading current and we define the BRST 
cohomology on the space of non- negatively graded vertices. 
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(4.7) 



s Cl 



3z % 

= -ClOiCl + -^XLadlXl - -diXLaXl 



(4.8) 
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